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Classical Non-Local conserved charges in String Theory
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We construct a conserved non local charge in AdS5 × S5 string theory.
PACS numbers:
String theory is the strongest candidate to describe all interactions[1]. However, there is no crucial experiment
giving full support of the theory which is still in need of a stronger basis for a full theory of nature. As happens in
several field theories, non perturbative results may give important clues to the behaviour of the theory in particularly
difficult situations. Several results have already been obtained from the idea of duality [2]. Recently some new features
connected with the high dimensionality of strings have led to further insight into the structure of the socalled brane
cosmology [3, 4, 5].
More recently, some authors are pursuing higher conservation laws [6, 7, 8], which proved of great help in theories
of lower dimensionality [9, 10, 11, 12]. In case we can use higher conservation laws in a way similar to the one used
in two dimensional space time, it is possible that further constraints in the dynamical behaviour of strings can be
imposed and one can gather information based on more general grounds to be compared with observations. As an
example, strong nonperturbative insight about gravity can be obtained from the holographic principle [13].
We begin our problem with a set of currents defined in AdS5×S5 space described by the coset PSU(2, 2|4)/SO(4, 1)×
SO(5) [14]. The underlying string theoryhas been described accordingly [15]. The algebra psu(2, 2|4) has, under the
discrete group Z4, a discrete decomposition H = ⊕
3
i=0Hi, described by
tα ∈ H1 , ta ∈ H2 ,
tαˆ ∈ H3 , t[ab] ∈ H0 (1)
where a are indices parametrizing AdS5 × S5, α and αˆ are the superspace connections. The non vanishing structure
constants are well known [8].
In terms of the supercoset valued filed g(x, θ, θˆ) we can define algebra valued currents J = g−1dg, which in turn are
can be decomposed according to (1). The resulting currents have been shown to obey the relations [8]
∂µJ
µ
1 + [J0µ, J
µ
1 ] = ε
µν [J2µ, J3ν ] ,
∂µJ
µ
2 + [J0µ, J
µ
2 ] =
1
2
εµν ([J3µ, J3ν ]− [J1µ, J1ν ]) ,
∂µJ
µ
3 + [J0µ, J
µ
3 ] = −ε
µν [J2µ, J1ν ] , (2)
and
εµν (∂µJ1ν + [J0µ, J1ν ]) = −ε
µν [J2µ, J3ν ] ,
εµν (∂µJ2ν + [J0µ, J2ν ]) = −
1
2
εµν ([J3µ, J3ν ] + [J1µ, J1ν ]) ,
εµν (∂µJ3ν + [J0µ, J3ν ]) = −ε
µν [J2µ, J1ν ] , (3)
in the underlying Minkowski space. Such relations keep some similarity with zero curvature conditions, well known
in integrable models [9] and nonlinear sigma models [10, 11], implying, upon quantization, severe constraints upon
the S-matrix elements [12].
Here, we try a constructive approach. First, we neglect terms related to gauge-field valued elements of the algebra,
which simplifies the discussion. In fact, the relevant currents transform nontrivially under gauge transformations,
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2which is mirrored in the fact that the derivatives in the conservation laws are covariant derivatives of the form
∂ + [J0, ]. We also notice that some commutators are gauge valued, such as [J2,J2], or [J1,J3]. In expression (2),
there are several conservation laws inbuilt and we are going to construct one of them. We claim that a non local
conserved charge should be described in terms of a gauge dressing of a combination of the following building blocks:
Q(1) = 2
∫
J03 (t, x1)dx1 ,
Q(2) = −
∫
J01 (t, x1)ǫ(x1 − x2)J
0
2 (t, x2)dx1dx2 −
∫
J02 (t, x1)ǫ(x1 − x2)J
0
1 (t, x2)dx1dx2 ,
Q(3) =
1
2
∫
J01 (t, x1)ǫ(x1 − x2)J
0
1 (t, x2)ǫ(x2 − x3)J
0
1 (t, x3)dx1dx2dx3
−
1
2
∫
J03 (t, x1)ǫ(x1 − x2)J
0
3 (t, x2)ǫ(x2 − x3)J
0
1 (t, x3)dx1dx2dx3
−
1
2
∫
J03 (t, x1)ǫ(x1 − x2)J
0
1 (t, x2)ǫ(x2 − x3)J
0
3 (t, x3)dx1dx2dx3
−
1
2
∫
J01 (t, x1)ǫ(x1 − x2)J
0
3 (t, x2)ǫ(x2 − x3)J
0
3 (t, x3)dx1dx2dx3
−
1
2
∫
J02 (t, x1)ǫ(x1 − x2)J
0
2 (t, x2)ǫ(x2 − x3)J
0
3 (t, x3)dx1dx2dx3
−
1
2
∫
J02 (t, x1)ǫ(x1 − x2)J
0
3 (t, x2)ǫ(x2 − x3)J
0
2 (t, x3)dx1dx2dx3
−
1
2
∫
J03 (t, x1)ǫ(x1 − x2)J
0
2 (t, x2)ǫ(x2 − x3)J
0
2 (t, x3)dx1dx2dx3 ,
Q(4) =
1
4
∑∫
J01 (x1)ǫ(x1 − x2)J
0
1 (x2)ǫ(x2 − x3)J
0
2 (x3)ǫ(x3 − x4)J
0
3 (x4)dx1dx2dx3dx4
+
1
4
∑∫
J01 (x1)ǫ(x1 − x2)J
0
2 (x2)ǫ(x2 − x3)J
0
2 (x3)ǫ(x3 − x4)J
0
2 (x4)dx1dx2dx3dx4
−
1
4
∑∫
J02 (x1)ǫ(x1 − x2)J
0
3 (x2)ǫ(x2 − x3)J
0
3 (x3)ǫ(x3 − x4)J
0
3 (x4)dx1dx2dx3dx4 ,
... (4)
where the sum is over all orders of the indices of currents. The remaining terms are to be constructed taking into
account the generic additive term
Q
(n)
i = ±
1
2n−2
∑∫ (n−1∏
k=1
J0αk(t, xk)ǫ(xk − xk+1)dxk
)
J0αn(t, xn)dxn, (5)
with the indices αk satisfying the constraint equation
n∑
k=1
αk = 3 mod 4. (6)
The sign has to be properly chosen in order to achieve conservation of the sum. The time derivative of the current
can be exchanged by the space derivative, a commutator with a gauge-valued current and a nontrivial commutator.
The space derivative is integrated by parts giving rise to a Dirac delta used to perform one integration, and leaving
a lower order term in the integration variables, but with a nontrivial commutator. The commutator either cancels a
similar one arising from a lower order derivative, or is gauge valued. Therefore, we claim that
∂0Q
(n) = δderQ
(n) + δcomQ
(n) + gauge terms (7)
where the first term arises from the integration by parts of the space derivative of the current giving rise to a Dirac-
delta term of the form of a commutator among two currents connected by the ǫ(xk−xk+1) function, while the second
term arises from the remaining term of the equation of motion, with exception of the gauge (J0) commutators. In the
first term we leave aside the commutators which take values in the gauge sector, namely, [J2,J2] and [J1,J3], which
are, together with the explicit gauge terms containing J0 left to the last term. Under these conditions, the definition
of the charges leads us to the result
δderQ
(n+1) = −δcomQ
(n) . (8)
3Therefore, we
Claim: the nonlocal charge
Q3 =
∞∑
n=1
Q(n) (9)
is classically conserved up to a gauge dressing, defined substituting some currents by H0 valued elements.
We also claim that analogous charges, whose first term are either obtained from J02 or from J
0
1 are also conserved.
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